The notion of the truncated Euler characteristic for Iwasawa modules is an extension of the notion of the usual Euler characteristic to the case when the homology groups are not finite. This article explores congruence relations between the truncated Euler characteristics for dual Selmer groups of elliptic curves with isomorphic residual representations, over admissible p-adic Lie extensions. Our results extend earlier congruence results from the case of elliptic curves with rank zero to the case of higher rank elliptic curves.
Introduction
Iwasawa theoretic invariants for modules arising from the Iwasawa theory of ordinary Galois representations provide key insights into arithmetic of such objects. Of particular interest is the behaviour of these invariants when one considers two ordinary Galois representations whose associated residual representations are isomorphic. Greenberg and Vatsal [7] initiated such a study for elliptic curves, and this was developed further in the works of Emerton-Pollack-Weston [6] . Similar investigations were carried out in the context of non-commutative Iwasawa theory in, for instance, [3] and [5] .
In all the works referenced above, congruences between the corresponding L-values and Euler characteristics of dual Selmer groups of elliptic curves were established over special p-adic Lie extensions. A fundamental hypothesis when considering Euler characteristics was that the Euler characteristic was defined, which often entailed the assumption of finiteness of the dual Selmer group over the ground field. This article sets out to explore possible thematic generalizations of such congruence results when this finiteness hypothesis is removed. The natural substitute for the Euler characteristic is the truncated Euler characteristic as considered in [17] for cyclotomic extensions. This definition was generalized to a broader class of admissible p-adic Lie extensions in [3] and [13] . It is striking that the congruence results extend to the rank one case, and to more general p-adic Lie-extensions. This leads us to believe that the truncated Euler characteristic is also an intrinsic arithmetic invariant in non-commutative Iwasawa theory.
This paper consists of five sections including this introduction. In section 2, we set up notation and requisite preliminaries. Section 3 proves the congruence results in the case of the cyclotomic Z p -extension and section 4 establishes similar congruence results in the setting of admissible, non-commutative p-adic Lie extensions. More specifically, we prove our results for false Tate curve extensions and GL 2 extensions. In section 5, we discuss explicit numerical examples which demonstrate that our results are optimal.
Throughout, let p ≥ 5 be a prime. Let E 1 and E 2 be two elliptic curves over the field Q of rational numbers. Let ρ i : G Q → GL 2 (Z p ) be the Galois representation on the p-adic Tate module of E i and E i [p] denote the Galois module of the p-torsion points of the elliptic E i . Denote byρ i : G Q → GL 2 (F p ) the residual Galois representation. Let N i be the level of E i and set N = N 1 N 2 . Assume that there exists an integer r ≥ 1 such that (1) E 1 and E 2 both have the same algebraic rank g, (2) the p-adic Galois representations ρ 1 ≡ ρ 2 mod p r , (3) the residual Galois representationsρ i are irreducible, (4) E 1 and E 2 both have good ordinary reduction at p,
the p-adic height pairings on E 1 and E 2 are non-degenerate.
Conditions (5) and (6) are always expected to be true. Let Q cyc denote the cyclotomic Z p -extension of Q and put Γ := Gal(Q cyc /Q). Let Q ∞ /Q be an admissible p-adic Lie-extension of Q and G := Gal(Q ∞ /Q). Let χ t (Γ, E i ) (resp. χ t (G, E i )) denote the truncated Euler characteristic of E i with respect to Γ (resp. G), see section 2 for the definition.
The Main conjecture of Iwasawa theory relates the algebraic invariants attached to the dual Selmer group of an elliptic curve with the p-adic L-function, which interpolates values of the complex L-functions. Vatsal [16] and Greenberg-Vatsal [7] study congruence for complex L-values as well as the p-adic Lfunctions attached to E 1 and E 2 . On the algebraic side, the Main conjecture along with work of Schneider [11] and Perrin-Riou would then predict congruences. The main results of this paper prove these congruences for E 1 and E 2 for the cyclotomic Z p -extension as well as some other non-commutative admissible p-adic Lie extensions.
For an elliptic E of rank zero, the Euler characteristic over the cyclotomic Z p -extension χ(Γ, E) is defined (cf. [4, chapter 3] ). Shekhar and the second author [15] deduced congruence results for pairs of congruent elliptic curves E 1 and E 2 of rank zero. In particular, they deduce that if χ(Γ, E 1 ) = 1, then so is χ(Γ, E 2 ) = 1. Let m be an p-power free integer coprime to p and the conductors of both elliptic curves. For the false Tate curve extension defined by
In this article analogous results for truncated Euler characteristics in the positive rank setting are proved. We stress that our methods are different from those in [15] and hence yield another proof of the results in the rank zero case as well. Generalizations of the results in this paper to modular forms and abelian varieties over arbitrary number fields are currently being investigated.
Preliminaries
Let p be a prime number and assume that p ≥ 5. Let E be an elliptic curve over Q with good ordinary reduction at the prime p and E p ∞ denote the Galois module of p-power division points on E. Let S be a finite set of primes containing p and the primes at which E has bad reduction. Denote by Q S the maximal extension of Q in which all primes l / ∈ S are unramified, and denote by G Q,S the Galois group of Q S over Q. Let L ⊂ Q S be a subfield, we shall mostly be concerned with the cyclotomic Z p -extension or an admissible p-adic Lie extension. Set G S (L) := Gal(Q S /L), the Selmer group Sel(E/L) :
Let G be a profinite group, the Iwasawa algebra Λ(G) is defined as
where the inverse limit is taken with respect to open subgroups of G. Put Γ = Gal(Q cyc /Q) and set Λ to be equal to the Iwasawa algebra Λ(Γ). Note that for any extension L/Q, finite or infinite, the Selmer group Sel(E/L) is a discrete module over the Iwasawa algebra Λ(Gal(L/Q)). Denote by
the compact Pontrjagin dual of the Selmer group Sel(E/L) (cf. [3] ). In the case when E is an elliptic curve, it follows from a theorem of Kato [9] that the dual Selmer group X(E/Q cyc ) is a torsion Λ-module. This is equivalent to the localization map λ S (Q cyc ) being surjective (cf. [3, Lemma 2.1]).
Recall that an admissible p-adic Lie-extension Q ∞ /Q is a Galois extension for which • G = Gal(Q ∞ /Q) is isomorphic to a compact p-adic Lie group, • all but finitely many primes are unramified in Q ∞ , • Q cyc ⊂ Q ∞ , • G does not contain an element of order p.
Set H = Gal(Q ∞ /Q cyc ) and note that G/H ≃ Γ = Gal(Q cyc /Q). The Euler characteristic χ(Γ, E) := χ(Γ, Sel(E/Q cyc )). When E has positive rank, the Euler characteristic is not defined. The natural analog is the truncated Euler characteristic which we define below. For any homomorphism of abelian groups f : M 1 → M 2 , denote by ker f and cok f the kernel of f and the cokernel of f respectively.
for which φ D (x) is the residue class of x in D Γ . If both ker(φ D ) and cok(φ D ) are finite D is said to have finite truncated Euler-characteristic. In this case, the truncated Euler characteristic is defined by
The truncated G-Euler characteristic is a variation of the above definition.
as the composite of the natural map
The module D has finite truncated G-Euler characteristic if both ker(ψ D ) and cok(ψ D ) are finite and the truncated G-Euler characteristic is then defined by
Denote by
The truncated Euler characteristic χ t (Γ, E) is, up to a p-adic unit, the leading term of the p-adic L-function L p (E, s) (cf. Theorem 3.6) and is therefore a p-adic integer. LetẼ denote the reduced curve at p. For a prime l, we let c l (E) := #(E(Q l )/E 0 (Q l )) and set τ (E) := l c l . Two p-adic integers a ∼ b if a and b are not zero and a/b is a p-adic unit in Z p . In the rank zero case, if Sel(E/Q) is finite, the Euler characteristic χ(Γ, E) is related to the Birch Swinnerton-Dyer exact formula as follows
In the positive rank case, the p-adic height pairing (cf. [10] and [11] ) plays a role. For an elliptic curve E over Q with positive rank, the p-adic height pairing is conjectured to be non-degenerate (cf. [11] ). The p-adic regulator R p (E/Q) is the determinant of the p-adic height pairing.
Proposition 2.3. (cf. [3, section 3] and [13]) Assume that X(E/Q)[p] is finite, that the residual Galois representation on E[p] is irreducible, that E has good ordinary reduction at p and that
This formula will be used to prove our congruence results for E 1 and E 2 .
Congruences over the Cyclotomic extension
This section proves congruences for truncated Γ-Euler characteristics. For i = 1, 2, let f i be the eigencuspform associated to E i . Let Σ be the finite set of primes l | N for which
Set β i (l) := 0 if E i has bad reduction at l 1 if E i has good reduction at l. Let E be an elliptic curve over Q with Mordell Weil rank g, having good ordinary reduction at p, and such that the residual Galois representation on E[p] is irreducible. Throughout, we fix an embeddingQ ֒→Q p . Let Ω E denote the the real Néron period of E. For any even Dirichlet character ρ, it is well known that L(E/Q, ρ, 1)/Ω E ∈Q p . Fix a topological generator γ ∈ Γ. Let µ p ∞ denote the Galois module of p-torsion roots of unity. Given ξ ∈ µ p ∞ , let m be the integer such that the order of ξ is p m−1 . Associate to ξ a character ρ : Γ → µ p ∞ of finite order defined by ρ(γ) = ξ. Let α p (E) ∈Q p denote the unit root of the characteristic polynomial 1 − a p (E)X + pX 2 . Mazur and Swinnerton-Dyer associate to E an element L(E/Q, T ) ∈ Λ ⊗ Q p satisfying the property
Here, τ (ρ −1 ) denotes the Gauss-sum of the character ρ −1 . Let χ be the p-adic cyclotomic character and let κ = χ ↾Γ : Γ
Since E is assumed to have good reduction at p, it is known that the order of vanishing of L p (E, s) at s = 1 is g (cf. [11, Theorem 2 ′ ]). Let
Note that this is the leading term of the p-adic L-function L p (E, s) at s = 1.
Let P l (E/Q, ρ, T ) be the local factor defined as follows
If l is a prime of bad reduction then
When ρ is the trivial character it is dropped from the notation. The local Euler factor L l (E, s) at l is equal to L l (E, s) : [7] and [12] ). The following relationship is satisfied
Theorem 3.1. Let E 1 and E 2 elliptic curves satisfying the conditions (1) to (6) . Let r ≥ 1 be such that the p-adic Galois representations
Proof. The proof of this statement directly generalizes [7, Theorem 3.10] with very minor modification. Recall that f 1 and f 2 are the eigencuspforms associated to E 1 and E 2 respectively. Let g 1 = n b n (f 1 )q n and g 2 = n b n (f 2 )q n obtained by dropping all primes in Σ ∪ {p}. In other words,
Therefore, we have that b n (f 1 ) ≡ b n (f 2 ) mod p r for all n. The assertion follows now from [16, Theorem 1.10].
Vatsal (cf. [16, Corollary 1.11]) also deduces congruences for special values of complex L-functions attached to eigenforms whose Fourier coefficients are congruent. Such congruences are interpolated by congruences of p-adic L-functions.
Proof. Recall that the elliptic curves E 1 and E 2 have good ordinary reduction at p and therefore p /
Definition 3.4. For i = 1 or 2 we say that E i satisfies condition (⋆) if l + β i (l) − a l (f i ) is not divisible by p for all primes l ∈ Σ.
We stress that our results are proved without stipulating condition (⋆) for E 1 or E 2 , however, stipulating condition (⋆) simplifies the results. In our numerical examples we consider cases when (⋆) is satisfied and otherwise.
Since E i has good ordinary reduction at p and X(E i /Q)[p] is finite, it follows that the order of the zero of L p (E i , s) is equal to g (cf. [11, Theorem 2] ). Therefore,
The assertion follows from Theorem 3.1.
Proof. It is shown in [11, Theorem 2] that 1) . Hence, the assertion follows.
Theorem 3.7. With hypothesis as before, the following assertions hold
If in addition condition (⋆) is satisfied for E 1 and E 2 , then
Proof. By Corollary 3.5 there exists a unit u ∈ Z × p such that there is a con- 1) . The truncated Euler characteristics are powers of p. The assertion (1) follows from this. It is clear that (2) and (3) follow from (1). If condition (⋆) is satisfied for E 1 and E 2 , then by Lemma 3.3, it follows that Φ E 1 = 1 and Φ E 2 = 1. The congruence is thus simplified in this case.
Let Γ ′ := Gal(Q(µ p ∞ )/Q) ≃ Z × p and ∆ := ker (Γ ′ → Γ) so that ∆ can be identified with µ p−1 ⊂ Z × p . For i = 1, 2 as before, set χ t (Γ ′ , E i ) := χ t (Γ ′ , Sel(E i /Q(µ p ∞ ))). Let E be an elliptic curve with good ordinary reduction at p andẼ be the reduced curve at p. The extensions Q cyc and Q(µ p ∞ ) are deeply ramified extensions (see [1] ). Suppose F ∞ /Q is a deeply ramified extension. Let l be a prime and w|l a prime of F ∞ above l. If l = p, there is a canonical isomorphism
This follows from a standard Kummer theory argument. If l = p,
which is proved for instance in [1, Proposition 4.8] .
Lemma 3.8. Let E be an elliptic curve over Q with good ordinary reduction at p. There is a canonical isomorphism induced by restriction
Proof. Consider the following diagram
We show that g is an isomorphism and that h is injective. An application of the Snake lemma implies that f is an isomorphism. First let us show that g is an isomorphism. By inflation-restriction,
Since the order of ∆ is coprime to p, ker g = 0. Likewise,
and it follows that cok g = 0 and therefore g is an isomorphism. The map
, the order of ∆ w is coprime to p. This restriction map fits into the inflation-restriction sequence
Since ∆ w has order coprime to p, it follows that H 1 (∆ w , D(Q(µ p ∞ ))) = 0 and therefore h w is injective. This completes the proof of the Lemma. Proposition 3.9. Let E be an elliptic curve with good ordinary reduction at p. The truncated Euler characteristic χ t (Γ, E) is finite if and only if χ t (Γ ′ , E) is finite. If this is the case, then χ t (Γ, E) = χ t (Γ ′ , E).
Proof. Let
the composite of the map
The inflation map fits the inflation-restriction sequence
Since the order of ∆ is coprime to p, it follows that
and therefore the inflation map is an isomorphism. Therefore, ψ can be identified with ϕ. By Lemma 3.8, the map ϕ can be identified with the map
Putting it all together,
Let Γ ′ = Gal(Q(µ p ∞ )/Q), the following congruence is a consequence of Theorem 3.7 and Proposition 3.9.
Corollary 3.10. With hypothesis as before, the following assertions hold:
. If in addition condition (⋆) is satisfied for E 1 and E 2 , then
Congruences of G-Euler Characteristics
In this section, we prove congruences over G where G = Gal(Q ∞ /Q) is the Galois group of an admissible extension. This is achieved by relating the truncated Euler characteristic over G to that over the cyclotomic extension. The extensions considered will be the false Tate curve extension and the admissible p-adic Lie-extension arising from the p ∞ -torsion points of the elliptic curves E i , for i = 1, 2. In the false Tate curve case, the corresponding Galois group is a semidirect product Z × p ⋉ Z p and in the other case it is a finite index subgroup of GL 2 (Z p ).
Congruences for the False Tate Curve Extension.
Let m be a positive integer coprime to Np, where we recall that N is the product of the conductors of E 1 and E 2 . Let Q ∞ be the false Tate curve extension Q ∞ := Q(µ p ∞ , m 1 p ∞ ). Our assumptions imply that the reduction type of E does not change in any number field extension of Q contained in Q ∞ . In particular, if w is a prime above l in Q(µ p ) then E has the same reduction type at l as well as w. Recall that G := Gal(Q ∞ /Q) and H := Gal(Q ∞ /Q cyc ). Let Γ ′ = Gal(Q(µ p ∞ )/Q) and identify G/H ≃ Γ. Let Σ be a set finite set of primes containing all primes l|mp and all primes l at which either E 1 or E 2 has bad reduction. Let P 0 be the set of primes l = p which are ramified in Q ∞ , this is the set of primes l|m. Recall that it is stipulated that E has good reduction at each prime l|m and as a consequence the set of primes M(E) ⊂ P 0 coincides with the set of primes Σ 3 (E) defined in [15] . 
Theorem 4.3. The following assertions hold
Proof. It is easy to see that assertions (2) and (3) follow from assertion (1) . Let E denote any one of the elliptic curves E 1 or E 2 . Recall that m is by assumption, coprime to pN E and hence E has good reduction at each prime l|m. By [15, Lemma 2.5], the set of primes M(E) is the set of primes l|m at which p|L l (E, 1) −1 . At each prime l|m, E 1 and E 2 both have good reduction, therefore, a l (f 1 ) ≡ a l (f 2 ) mod p r and therefore,
As a consequence, M(E 1 ) = M(E 2 ). Let l ∈ M(E 1 ) = M(E 2 ). By Theorem 4.2,
On the other hand, by Corollary 3.10,
Putting it all together, one obtains the congruence Kato [9] that Sel(E/Q cyc ) is a cotorsion Λ(Γ)-module. It follows from this that the Selmer group Sel(E/Q ∞ (E)) is a cotorsion Λ(G E )-module (cf. [2] ). Let M E be the set of primes at which the j-invariant of E is non-integral.
We let G i := G E i . Theorem 4.5. For i = 1, 2, assume that conditions (1) to (6) are satisfied for E i . And further assume that at each prime l where E i does not have potentially good reduction, p ∤ l − a l (E i ).
Then the following assertions hold
Proof. By Theorem 3.7,
By Theorem 4.4,
By [14, Proposition 5.5 ], a prime l ∈ M E i if and only if E i does not have potentially good reduction at l. By our assumption, at every prime l ∈ M E i , we have that L l (E i , 1) is a p-adic unit. The assertion follows from this.
Numerical Examples
In this short section we discuss some concrete examples which illustrate our results for p = 5.
5.1. Let E 1 = 201c1 and E 2 = 469a1. Both elliptic curves have rank 1 and the residual Galois representations E 1 [5] ≃ E 2 [5] . Furthermore, conditions (1) to (6) are satisfied. The elliptic curve E 1 has bad reduction at 3 and 67 and E 2 has bad reduction at 7 and 67. Also, note that β 1 (3) = 0, β 1 (7) = 1, β 1 (67) = 0, Therefore for E 1 and E 2 , condition (⋆) is satisfied and as a consequence,
We first compute the truncated Euler characteristics of E 1 and E 2 over the cyclotomic Z p -extension and use that to compute their truncated Euler characteristics over the false Tate curve extensions and the p-power torsion GL 2extensions. By Theorem 3.7,
The 5-adic regulators 
Let us consider congruences over extensions cut out by 5 ∞ -torsion points of E 1 and E 2 . For i = 1, 2, all primes l of bad reduction, l − a l (f i ) is not divisible by 5. Since condition (⋆) is satisfied, by Theorem 4.5,
At each prime l ∈ M E i , l − a l (f i ) is not divisible by 5 and therefore L l (E i , 1) = 1 − a l (f i )l −1 is a 5-adic unit. Therefore χ t (G i , E i ) = χ t (Γ, E i ) = 1 for i = 1, 2.
5.2. Next we consider an example for which condition (⋆) is not satisfied. Let E 1 and E 2 be the rank 1 elliptic curves E 1 = 37a1 and E 2 = 1406g1. First, we describe how our results apply for the cyclotomic Z p -extension Γ. Then we explain the application to the non-commutative case, more specifically over the false Tate curve extension and the extensions cut out by 5 ∞ -division points of E 1 and E 2 . Both curves satisfy conditions (1) to (6) . The curve E 2 has bad reduction at 2, 19 and 37.
2 + β 1 (2) − a 2 (f 1 ) = 5, 19 + β 1 (19) − a 19 (f 1 ) = 20, 37 + β 1 (37) − a 37 (f 1 ) = 38, 2 + β 1 (2) − a 2 (f 2 ) = 1, 19 + β 1 (19) − a 19 (f 2 ) = 18, 37 + β 1 (37) − a 37 (f 2 ) = 38.
It may be found that
The 5-adic regulator
and it may be shown that
On the other hand for E 2 , the 5-adic regulator Our computations show that χ t (Γ, E 1 ) = 1 and χ t (Γ, E 2 ) = 5 2 .
Recall that Φ E 1 = 5 2 and Φ E 2 = 1 and Theorem 3.7 asserts that
We now illustrate our congruence results for false Tate curve extensions. For any integer m not divisible by 2, 5, 19 and 37 and G the Galois group of the false Tate curve extension G := Gal(Q(µ 5 ∞ , m 1 5 ∞ )/Q). By Theorem 4.3, 5 2 χ t (G, E 1 ) ≡ χ t (G, E 2 ) mod 5Z 5 . Therefore, 5 divides χ t (G, E 2 ) for any such m.
Next, we compute truncated Euler characteristics for extensions cut out by 5 ∞ -torsion for E i for i = 1, 2. Even though condition (⋆) is not satisfied for E 1 , Theorem 4.5 applies. In fact, at every prime l at which E i has bad reduction, L l (E i , 1) is a 5-adic unit. By Theorem 4.4, χ(G, E i ) = χ(Γ, E i ) for i = 1, 2. Therefore, χ(G, E 1 ) = 1 and χ(G, E 2 ) = 5 2 .
5.3.
The following example shows that if the residual Galois representations of two elliptic curves are isomorphic, the truncated Euler characteristic is determined only up to congruence. Specifically, in this example two example two elliptic E 1 and E 2 are considered such that all the conditions (1) − (6) are satisfied along with condition (⋆), however, their truncated Euler characteristics are not equal. We consider an example of two elliptic curves E 1 and E 2 rank 1 satisfying conditions (1) to (6) for which condition (⋆) is satisfied and the Euler characteristics χ t (Γ, E 1 ) = χ t (Γ, E 2 ).
Let E 1 = 82a1 and E 2 = 902a1. Repeating the same calculations as before, R 5 (E 1 /Q) ∼ 5 2 and R 5 (E 2 /Q) ∼ 5 4 . Other terms in formula for the truncated Euler characteristic are #(X(E i /Q)[5]) = 1, τ (E i ) = 1, #Ẽ i (F 5 ) = 1 and #E i (Q)[5] = 1 for i = 1, 2. Therefore χ t (Γ, E 1 ) = 5 and χ t (Γ, E 2 ) = 5 3 .
We now consider congruences over false Tate curve extensions. The elliptic curve E 1 has bad reduction at 2 and 41, E 2 on the other hand has bad reduction at 2,11 and 41. For any integer m not divisible by 2, 11 and 41 and G the Galois group of the false Tate curve extension G := Gal(Q(µ 5 ∞ , m 1 5 ∞ )/Q). By Theorem 4.3, χ t (G, E 1 ) ≡ χ t (G, E 2 ) mod 5Z 5 .
Therefore, 5 divides χ t (G, E 2 ) for any such m. Next, we compute truncated Euler characteristics for extensions cut out by 5 ∞ -torsion for E i for i = 1, 2. Since condition (⋆) is satisfied, it follows that at every prime l at which E i has bad reduction, L l (E i , 1) is a 5-adic unit. By Theorem 4.4, χ(G, E i ) = χ(Γ, E i ) for i = 1, 2. Therefore, χ(G, E 1 ) = 5 and χ(G, E 2 ) = 5 3 .
